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2- quivers and their representations
Joint with Vidi t Nanda .

No new theorems !

Plan : I Representations of quivers
II 2- categories , 2Vec4k , 2- quivers, 2- reps

Examples

Stability conditions



Quiver Q=( Q , I Qo )
t

✗
"

{ vertices}{edges}

S= source

1- = target



Quiver Q=( Q , Qo )
✗

"

{ vertices}{edges}

e
, s= sourceE.9 .

•v, ye3 E- target4
ez

skies, ↓e4"

scez) • vz=tk4)=t(es)
11

slez)



Quiver Q mi category eat (Q)
" objects are ve Qo

CQ
,
ÉQo) morphisms are paths in Qit

composition is concatenation of paths

1



Quiver Q mi category eat (Q)
" objects are ve Qo

(Q ,ÉQo) morphisms are paths in Qit
composition is concatenation of paths

( linear) rep
"

of Q functor p : Cat (Q )
✓↳ Wr v space ↓

over 1k
Vectlk

e↳ Oe : Ws (e)
→Wtf) (category of finite

1k- linear dime v spaces over 1k)



Coordinated representation e- Cpo , e.)
Po : Qo → IN

V l→ 1k@
(v)

tf ee Qi
, p , (e) E Homve¢µ( IKE bred



Coordinated representation e- Cpo , @ )
Po : Qo → IN

V l→ 1k@
(v)

Hee Qi
, p , (e) c- Homve¢µ( IKE bred

Quiver variety ( King , . .
_ . )

Fix @ : Qo → IN and consider quotient of

IT Hanvey,,(lk%⇐⇔,lkeᵈ
"") by IT 94gal ; Ik)

EEQ , VEQO



What sort of quotient ? Use Mumford 's 9 IT
(geometric invariant theory



What sort of quotient ? Use Mumford 's GIT
(geometric invariant theory)

G = IT 94%67 ; IK) reductive group
✓ c-Qo

117% IT Hom (IKE
↳⇔? lkeᵈᵗ⇔) affine space

EEQ ,
Vectlk

G G IAN via 9 → GLEN ; Ik)



Fix a " stability condition
"
: in this case

just a character ✗ : G → Gm
multiplicativeof 9=-11 GL(pdv) ; IK) group

✓EQO

which will be given
for some (mu) C- 2%

VE QO
by

✗ ( (g)
*g) = IT detcgv)

"

VE%



GIT quotient : semi - invariants
*

IAN _ → projflkkni.in#X)--1AN//yG
open V1 quiver

semistable
N)ˢˢiX V1 °Pe" variety

locus

open V1 CAN] / G geometric
quotient

stable CAN /six
VGIT Variation of GITlocus

describes how 11771×9
varies as ✗ varies

.



A (strict /weak) 2- category has
objects

,

I - morphisms and 2- morphisms
v v dow v tow

with composition) 1¥
(with horizontal &
vertical composition

sit . the different compositions
are associative

,
unital

,

and satisfy the interchange
law

. .
. ( in the weak case, only up

to natural isomorphisms )



E.
g. (1)

Cat : objects 1- morphisms 2-morphisms
small

categories
functors natural

transformations

(2) Kapranov - Voevodsky 's 2- category 2Vectlk :

objects n c- IN
1- morphisms from n to m

(
V
" V12 .

- -
'

Jnxm matrices
.

r
'

with entries in Vectyk
<
_

-

composition given by Vnm

matrix malt" using tensor product and direct sum
2-morphisms f. vij :) → ( ) ¥ }

;

linear maps
~

'



(2) Kapranov - Voevodsky 's 2- category 2Vectlk :

objects n c- IN
1- morphisms from n to m

(
V
" V12 .

- -
'

Jnxm matrices
.

r
'

with entries in vect.lk
,
_

-

composition given by Vnm

matrix Mutt" using tensor product and direct sum
2-morphisms (÷ vij :) → (; g.) given bylinear maps

~
'

y
✓ '

Vij →Wij
(2

'

) coordinate'sed versions
where 1- morphisms have Vij = lkditi , or
Vij chosen from a fixed list of vector spaces



What's a 2- giver Q ? and a 2- rep
"

of Q ?
"

(2) computed ( street 1976) = polygraph
want Q no 2cal- (Q)

2- rep of Q no 2- functor 2cal- (Q) → 2Vectk



what's a 2- giver Q ? and a 2- rep
"

of Q ?
"

(2) computed ( street 1976) = polygraph
want Q no 2cal- (Q)

2- rep of Q no 2- functor 2cal- (Q) → 2Vectk

Def : Q = ( (QTEQD.CM?=olTo))
quiver quiver

at
.

• II = Paths CQ , I Qo)
• if s

,
t are extended to IT

◦ To Qo in the obvious way
STE = STE and É TE = TIE for all EE IT , .



write Qz for IT , , and Q = (Qa% Paths (Q
, ÉgQ))t

Qo = { vertices}

= { 0 - edges} •

V

e

Q , = { I
- edges} sce) • → • the)

Q2= { 2- edges }
• → •

. to (e) = tik)sold = St •

!%



2cal- (Q) has

objects 1- morphisms 2- morphisms
vertices paths in equivalence classes of

✓ C-Qo Q , →ˢ→Qo diagrams
t

;÷÷¥÷÷÷÷ .At the jth stage
q

6.→ •*• V ( Ei
,
.
. . ,Ek ) 2- edges in Qz

Ej and Ej , are
switchable PM / rz .

-
✓% ,%, , _- q

paths in Q,% Qo from u
to V

if
a.→•?⃝¥•→É→•V up to

" switchability
"



2- rep of Q over 1k : p=(Papi , PD
St .
• Po : Qo → IN

• pi : Q , → { matrices with entries in Vectlk }
sit

. @ (e) is a @GED ✗ f.(tle) matrix
[extended to Paths (Q1≈ %) via

µ,
i.EYE . _

_Gum )ij= ⊕ QQ)ik Piled ⊕ . _④ film
,

kikz
15k, ≤ pocvi)

:

I ≤ km
, ,seam - i)

• if EEQZ then pile) is a poor? ✗ pocvm) matrix
•

→
• " "

•

×
.with @G) ij a linear map from

Q(ok)) ij to p , Ctk)) ij .

. -%
.
.
-
t



2- rep of Q over 1k : p=(Papi , PD from the list
5.t .

0,1k , Iti, K} . . . .

• Po : Qo → IN
↓

• pi : Q , → { matrices with entries in Vectlk }
sit

. @ (e) is a @GED ✗ f.(tle) matrix
[extended to Paths CQ , to Qo) via _

i.EYE . _
_ Evm )ij= ⊕ QQ)ik Piled ⊕ . _④ film

,

kikz km. ,j/15k, ≤ pocvi)
:

I ≤ km
, ,seam - i)

• if EEQz then pile) is a poor? ✗ pocvm) matrix
• ×

.with @G) ij a linear map from

QCTCE)) ij to p , Ctk)) ij .

•

→ .
.
-
t



2- rep of Q over 1k : p=(Papi , PD
5.t . from a fixed

• Po : Qo → IN list Wo
,Wi ,Wz . . .

←
• pi : Q , → { matrices with entries in Vectlk }

sit
. @ (e) is a @GED ✗ f.(tle) matrix

[extended to Paths CQ , to Qo) via _

i.EYE . _
_ Evm )ij=⊕ QQ)ik Piled ⊕ . _④ film

,

kikz km. ,j/15k, ≤ pool)
:

I ≤ km
, ,Spfvm - i)

• if EEQZ then pile) is a poor? ✗ plum) matrix
• ×

.with @G) ij a linear map from

QCTCE)) ij to p , CTK)) ij .

•

→ .
.
-
t



Given a quiver ( to É) ,
construct a 2- quiver

Q = ( Qz % Paths (Qi ,÷→ Qo))
tz

where Qo = { *}
Qi = QT

Qz =

"" = * = 467 the

sz= s
,
t~=t

Given a rep
"

( § , E) of To%)
, construct a

2- rep
"

Cpo, pi ,pi of Q where

e. ≤
1
, Pi = ( %) , pz =

( pi )
.



"

2- quiver varieties
" Fix Wo

,Wis Wz . . . in Vectlk

Assume Q = (Qz Paths (01,3%7) finite
Fix @

and pi ,
and consider action of

9 = let GL(we) on 117% { pz} affine space

where qLCWe7actsonpzC4iji@GGD.j.→ FEED,j .
via its natural action on @ (e) pq

when
@ (e) = Wepq

and the trivial action on pile)pq otherwise .

Choose stability parameters v0 GIT quotients
2- quiver varieties



Examples of 2- reps of 2- gives :

Vector bundles / coherent sheaves

Fix ✗ nursing. projective variety, and hi , . . >

, Lk

ample line bundles over ✗ (cf . Greb- Ross -Toma ,
'
A master space for moduli spaces of Gieseke- stable
sheaves] .

Let Qo = { *} hi { E coherent sheaf over × }
Qi = { * ¥ E } w { E

'

E }
Qa = { *

→ E
⇒in }
h E



2- rep
"

: @ (*) = 1 , @ (E) ↳ n >> I Corned

e.( * E) = ( H°(× , Lʰ④E))i⇐
,

e. ( E-→ E) = ( H°(× , É⊕h↑Di,m=iChi , Lj)

f- (* E ¥ )=(HY✗,L¥E) a

→ ④ tP(X,L¥L↑m= ,

↓ natural map
till , ERF ) )É ,


